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The total dielectric function of a metallic crystal 

K X n g  
Dcparlment d Thmontical Physics, Researeh School of Physical Sciences and 
Engineering, The AusValian National Univemity, Canberra, ACT 2601, Auddia 

Received 5 December 1991, in fmal brm 18 Febmity 1992 

Abslnet Ibe mal dielecvic mponse d a solid has mnuibutions from the polarizability 
d the elecvons and that arsociated with ionic displacements In this article, a method 
for evaluating the dielecIric response of simple mewh is developed. Using the dielectric 
function ol the elecmn gm and &e equation of motion of the ions, the aplicit form 
d the Iota1 dielecvic function ir obtained. The features and applications d thih method 
aredlscus& taking the example d Na. In the Pwmple, the “ d i o n s  hum the van 
der Waals mtersdion M evaluated and shown m lhe Bgures. 

1. Intduction 

The dielectric property of a metal is determined by the free electrons in it as well 
as by the lattice positions corresponding to its crystalline structure. The contribu- 
tion of the ions has two components, one corresponding to their intrinsic induced 
polarization, and the other corresponding to the induced polarization associated with 
their displacements from equilibrium position. There have been wme studies of the 
total dielectric response of a metal, which incorporates both the electronic and ionic 
contrbutions [l, 5J 

The objective of this paper Q to give directly the relationship between the total 
dielectric function of the metal and both the dielectric function of the constituent 
free electrons and that of the constihlent ions through their vibration properties. 

2. The equation d motion of charge Euctuations 

In a simple metal represented by a monatomic lattice, we can assume that the equi- 
librium position of ions are at the lattice points {Rio},  and the free electrons have 
the equilibrium density no The corresponding quantities for the disturbed system 
areR, =Rio+ui  and n,(r , t )  = n,(r , t )+n(r , t ) ,urhereRi  istheinstantaneous 
position of the ith ion and ui is the displacement from R,,, and n(r , t )  is the in- 
duced electron density and ne(r , t )  is the total electron density. The Hamitonian for 
the ionic system in the presence of an external test charge density peXt ( r , t )  is then 
given by 
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Pi is the momentum of the ith ion with mas M ,  and ( Z e )  is its charge. N is a 
total number of ions in the system in the volume S2. V”(r - Ri)  is the interaction 
potential between the ion at Ri and the valence electron taking into consideration the 
pseudopotential of the ion. For simple metals such as Na, Al and Pb, we can choose 
an approximate pseudopotential in the form of a simple emptya re  pseudopotential 
to evaluate the Hamitonian [SI. The summation V(Ri  -Rj) ,  which is the interaction 
potential of the ions at Ri and Rj ,  can be written in the form [la 

v ( R i  - R j )  =constant + EuiAijuj  
ifi i#i 

where 

Here Vk = Vi + V z .  Vi is the Coulombic part of the interaction given by 
4ne2/kz  and V p  IS the non-Coulombic part The summation here is over all 
possible values of k;  Vk is the Fourier transform of V(r) .  Thus the equation of 
motion for the ith ion will be 

M--- @Ui - C A ~ ~ U ~  + Ze2Vi ne(r,i)Vie(r - R j )  d 3 r  
j J 

8 1 2  

3. Total dielectric function of the electronion system 

The induced charge density Efom the small displacement of the ions, aeating the ions 
as point charges, is 

pion(r, t) = Z e C [ 6 ( +  - Rio -U;) - 6(r - Rio)].  (6) 
i 

Since the external test charge density pext(r, t )  is assumed to be small, the in- 
duced density of the electrons can be described in reciprocal space in the form, 

This follows from Gorobchenko’s procedure [6]. Here E ~ ( ] E , W )  is the electronic 
dielectric function. 



The total dielecnic function of a metallic q s t d  4809 

Thus equation (5) in reciprocal space can be written in the form (after eliminating 
n(k,w), using equation (7)). 

4 4  Ze)a N 
M V  wf = 

and 

If we consider the contribution to the induced charge only from the induced 
polarization associated with ionic displacements from equilibrium positions, the total 
induced charge density p, , , (r , t )  will be 
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The definition of the total inverse longitudinal dielectric function et(k ,w)  is 

Thus we finally get the explicit form of the total inverse dielectric function: 

(17) 

If wo iE set equal to zero in formula (U), it has the same form as the formula given 
by Dolgov and Maksimov [SI for the static dielectric fomula. Fbr a better understand- 
ing of the physics behind this formula, reading the work by them is recommended. 
They have very similar formulae. 

As an example of the use of formula (17), we will discuss the dispersion relation 
for longitudinal charge oscillation modes in a metal at long wavelengths. The form 
of the electronic dielectric function at long wavelengths in the RPA is 

1 - 1 1 k o - 4 - ' * k o  
4 k 0 , w o )  - E.(ko,Wo) - .,2(ko,wo) k,2 

p: is proportional to Fermi velocity, and hence 0," > 0 [12]. 
In the small k region, 

1 @(k,w)  = [-kkVL-w21 N 
3 M  

thus 

we can obtain the total dielectric function 

This can be obtained directly for a dassical twocomponent plasma in the long 
wavelength h i t  [U]. p; is govemed by the Coulombic and non-Coulombic interac- 
tions between two ions. We will discuss this in detail later. 

If we set E(k,w) = 0, the dispersion relations for small wavevector k [12] are 

w p :  + wtp: k2 z w; + WI" + 
w; + w: 
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We can tind the longitudinal dispersion relations dirmtly from equation (8). The 
way to achieve this is simply to find the roots of the equation. For long wavelengths, 
it has the form 

Qk+X V ' k k - q k  k = 0 .  (22) 

We can then obtain the longitudinal dispersion relations through the equation of 
motion for k . qk, 

(23) 
N 
M k * + -V;k2k - qk = 0.  

Assuming the time dependence of k . q,, a eiwt, we get 

- w2 + Vdkz = 0.  M 

Again, taking 

as before, and using (18), the solutions of (24) are obtained in the same form as (20) 
and (21). 

4. Conclusion 

It is widely believed that the net attraction leading to electron pair formation in a 
superconductor arises from the dielectric function at zero frequency, et(k,O),  which 
occurs in the calculation of the energy gap in the BCS theory of superconductivity. It 
has been shown [3, 4, 9, lo] that at the static limit, l / e , ( k , O )  < 1. This condition is 
consistent with et(k,O) being negative for some values of k. For small wavevectors, 
however, et(k,O) > 0 [IO, 141 from the requirement that the compressibility of the 
medium must be positive [lq.  

We take equation (19) as a simple example to explore how and where et(k,O) 
can be negative. Since p," is positive, the only possibility for the total static dielectric 
function to be negative for small k is that pf is negative. In fact, p: is already 
known to be negative in the Coulomb lattice 1161. llie non-Coulomb interaction 
between ions can accentuate this effect. The dominant non-Coulomb interaction is 
the attractive van der Waals interaction, the strength of which is determined by the 
polarizability of the ions [ll, 13, 181. 

We take a model which consists of point ions located on a lattice, which is 
embeddkd in a uniform non-responsive background electrons. The equation of motion 
of the j t h  ion has the form 

i i 
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VnC 6 the van der Waals interaction and has the form 

where a,(w) is the polarizability at the frequency w of the jth ion. It can be 
assumed to have the form a j ( w )  = e Z n j / n , ( w ~ - w Z )  [13] where wj  is the principal 
electronic absorption frequency. Equation (25) becomes 

where Q is the dynamic vibration matrix in the uniform background model. It has 
the form 

The elements of P. are evaluated following the procedure of Clark [2] and have 
the following form for a body-centred-cubic lattice of sodium: 

%I = -AZ + Sll + C ' { [ F ( %  + k)l(Km, + kA2 - ~(K?%)%,l 
m 

+ & { Cl (4 - 2) + I f f  [ (; + 9) 1: - I]) 
x [l - cos(nk,l,)cos(7rkyl,) cos(nk,l,)] 

- 12[2 - cos(25rky) -'cos(2rkz)]} 
- A{-[I - C O S ( ~ ~ , ) C O S ( ~ ~ ~ ) C O S ( ~ ~ ~ ) ] + ~ ~ [ ~  -cos(Znk,)] 

0 

a12 = SI, + x'[F(Km + k)l(K,,,, + 5 ) ( K , , , ,  + ky) 
m 

x [I - cos(rk,Z,) cos(rkyly) cos(sk,l,)] 

Asin( sk,) sin(nky) sin(nkz). (29) 
216 

3 4  
-- 

The dimensionless 'frequency' X used here is related to the actual circular frequency 
w by Xz = w ~ / w ; .  The third terms in the right-hand side of (28) and (29) are from 
the van der Waals interaction. Here the prime denotes the omission of m = 0, 

F(z) = e x p ( - 2 z 2 / a 2 ~ ) / z 2  
s;j = F(k)k ik j  

GI = [l - G(gJ;i,l)]/13 

G ( s )  = (2/fi)[exp(-z2)dz 0 

H I  = (ZaJ i j /J iF)exp( -4qaZlZ) / la  
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a is a lattice. constant q is an arbitary parameter, the value of which is fixed to 
achieve rapid mnvergena? in the series in the matrix elements in equation (28) and 
(29). ?he subscript 2 stands for the triad of integers l , ,  I, ~ I, which are either all 
odd or all even. (h,, h,, h,) are integers which are either all even or one even 
and two odd. The values of uNa and aNa(0) are taken from [A. The results are 
shown in figures 1 and 2 The corrections due to the van der Waals interaction are 
dependent on the ionic polarizability. Obviously, for €?a, the corrections due to the 
van der Waals interaction are very small. For transition metals, large corrections can 
be expected because of higher ionic polarizability. 

i I 

Figore t (a) The dispeision relation without the 
van der Mals  interaction in a aystal of Na, along 
the d i d i o n  (1.0.0); (b) the difkrenfe befween 
the dispersion relation with and without the van 
der Wals interacfion in a ayslal of Na, along Ihe 
direction (1,0,0). 

A&? 0 . 6  

0.4 

~~~~ 0.2 0 0 . 0 1  (4 0.04 k(1,O.O) 0.06 0.08 0.10 

F b r e  2 (a) The inverse mal dielectric fun* 
tion without the van der Wdals "act ion in a 
caystat of Na, dong ihe direction (l,O,O) 601 small 
wavenumbers, b a unit of (Za/a), (I being the 
lattice " a n t ;  (b) the difference between the in- 
m e  total dielectric funclion with and without h e  
van der Waals bleraction in a aystal of Na, along 
the direction (l,O,O). 

Work is in progress for evaluating e , (k ,O)  for materials of interest in supercon- 
ductivity. 
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